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Outline

e Backgrounds and motivation

e Our results

e Sketch of proofs

This talk is based on the following work

1. Z.J. Zhu, J.Z. Pan, Homotopy classification of S>~1-bundles
over Sk, arXiv:2508.14341 (2025)

2. Z.J. Zhu, J.Z. Pan, Homotopy types of S?~1-bundles over 52X,
arXiv:2508.13800 (2025)
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Backgrounds and motivation

e It is well known that the bundle equivalent classes of S”-bundles
over S™ with structure group SO,11 (special orthogonal group) is
classified by the homotopy groups 7;—-1(SOn+1)
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Backgrounds and motivation

e It is well known that the bundle equivalent classes of S”-bundles
over S™ with structure group SO,11 (special orthogonal group) is
classified by the homotopy groups 7;—-1(SOn+1)

e If the bundle is replaced by a (Serre) fibration, a similar
correspondence holds, except that SO, 11 is replaced by the space
Gpy1:={f :S" — S" | f is homotopy equivalent} with
compact-open topology. [Stasheff, 1963!]

1J. Stasheff, A classification theorem for fibre spaces. Topology 2 (1963),

239-246.
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Backgrounds and motivation

e At first glance, such a classification problem for equivalent
classes receives a perfect homotopy-theoretic solution.

e However, some other related problems are not thereby resolved.
For example, the classification problem for the total spaces of these
fiber bundles or Serre fibrations. Considering that non-equivalent
fiber bundles can have homeomorphic (homotopic) total spaces,
the classification of total spaces is non-trivial.

e James and Whitehead initiated such research for sphere bundles
over spheres 23 .

2].M. James, J. H. C. Whitehead, The homotopy theory of sphere bundles
over spheres I, Proc. London Math. Soc. 4 (1954), 196-218.
31.M. James, J. H. C. Whitehead, The homotopy theory of sphere bundles

over spheres I, Proc. London Math. Soc. 5 (1955), 148-166:
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Backgrounds and motivation

If we consider S2¢~1-bundles (fibrations) over S2%, their total
spaces are CW-complexes with three cells:

X = (S2k—1 U¢ e2k) U €4k_1.

This led them to study the classification problem for such
CW-complexes. [Sasao, Topology, 1965] provided the homotopy
classification of X in the special cases k = 2,4.
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Backgrounds and motivation

Sphere bundles over spheres are of great significance in geometric
topology.

e Milnor showed that the total spaces of S3-bundles over S* with
Euler class 1 are manifolds homeomorphic to S” but not always
diffeomorphic to it.

e The unit tangent sphere bundle is diffeomorphic to the Stiefel
manifold, i.e.,
STS* = Voyiq0.

e Grove and Ziller showed that the total space of any S3-bundles

over S* admits a metric with non-negative sectional curvature 4.

*K. Grove and W. Ziller, Curvature and symmetry of Milnor spheres, Ann.

of Math. 152 (2000), 331-367
7/62



Backgrounds and motivation

e On the other hand, in homotopy theory, Mimura and Toda used
Vo412 to construct a series of S2k=1_bundles over spheres, whose
total spaces become factors in the p-local product decomposition
of the so-called “quasi-regular’ compact Lie group °.

e S.D. Theriault constructed a special $2~1-fibration over S%f to

make progress on computing the homotopy exponents of mod 2"

Moore spaces °.

®M. Mimura, H. Toda, Cohomology Operations and Homotopy of Compact
Lie Groups 1, Topology 9 (1970), 317-336
6S.D. Theriault, Homotopy exponents of mod 2" Moore spaces, Topology

6(2008) 369-398
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Backgrounds and motivation

e In these works, understanding the total space of the sphere
bundle (fibrations) is crucial.
e Note that the mapping ¢ in the aforementioned cellular
CW-complex X = (§2k71 U, e2K) U e* 1 is easily computed.
Therefore, determining the total space of such sphere bundles
essentially reduces to the attaching map of the top-dimensional
cell. Hence, determining the total space of such sphere bundles
can be divided into the following two problems:
(i) Determine the necessary and sufficient conditions for
f: S%=2 _ P2k(p) to be the attaching map of the
top-dimensional cell in an $?*~1-bundle (fibration) over S,
where P2k(n) = S2k—1 ), e2k;
(ii) Determine the homotopy equivalence classes of the mapping

cones Cr of f such that Cr is a homotopy type of total space
of S2~1bundle (fibration) over S2k.

9/62



Idea:

o a# € mm_1(50n+1) <= Bundle(a) 2 Bundle(5)
= The total spaces of Bundle(«) and Bundle(3) may be
homotopic to each other.

e Find conditions on «, 3 € m,m_1(50x+1) such that the total
spaces of Bundle(a)) and Bundle(3) are homotopic to each other.
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e [I.M.James, J.H.C. Whitehead. Proc. LMS. 1954-1955] 8 give
some sufficient and necessary conditions for totol spaces of
S"-bundles over S9 to have the same homotopy type, and classify
the the total spaces of S"-bundles over 59 for g < 6 (excluding
S3-bundles over S* without sections) up to homotopy equivalence;
e [I. Tamur, J. Math. Soc. Jpn. 1957] give a sufficient condition
for total spaces of S"-bundles over S9 to have the same homotopy
type, when (r,q) = (3,4),(7,8),(r > 4,g=4),(r > 8,9 =28);

e [D. Crowley, C. M. Escher, Differ. Geom. Appl. 2003]

classify the total spaces of S3-bundles over S* up to homotopy
equivalence,a homeomorphism and diffeomorphism.

° -

"I.M. James, J. H. C. Whitehead, The homotopy theory of sphere bundles
over spheres I, Proc. London Math. Soc. 4 (1954), 196-218.
.M. James, J. H. C. Whitehead, The homotopy theory of sphere bundles

over spheres I, Proc. London Math. Soc. 5 (1955), 148-166:
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Problem: What conditions must f satisfy for the space

X = P?K(n) Ur e**~1 to be the homotopy type of total space of
S2k=1_bundle over S2k? f € man_a2(P?*(n)).

[Kitchloo-Shankar, IMRN, 2001] ° consider the case k = 2, i.e.,
criterion (on H*(X)) for determining whether a given CW-complex
is homotopy equivalent to an S3-fibration (bundle) over S*.

Our research last year coincidentally focused on computing
unstable homotopy groups of complexes:

e Zhu, Pan, The 2-local unstable homotopy groups of
AZ-Complexes, Science China Mathematics, vol.67(3),
607-626,2024.3

e Zhu, Jin, The relative James construction and its application to
homotopy groups, Topology and its Applications, vol. 356 ,
109043, 2024.8

e Zhu, The unstable homotopy groups of 2-cell complexes, p.1-72
arxiv20416v2, 2024

°N. Kitchloo, S. Krishnan, On complexes equivalent to S3-bundles over S§*,
Int. Math. Res. Notices 8 (2001), 381-394.
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Problem: What conditions must f satisfy for the space
X = P?K(n) Ur e**~1! to be the homotopy type of total space of
S2k=Lpundle over S?(?  f € ma_2(P?*(n)).
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Problem: What conditions must f satisfy for the space
X = P?K(n) Ur e**~1! to be the homotopy type of total space of
S2k=Lpundle over S?(?  f € ma_2(P?*(n)).

Problem: What conditions must f satisfy for the space
X = P?K(n) Ur e**~1 to be the homotopy type of total space of
S2k=1 fibration over S2k?  f € mak_o(P?*(n)).
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Problem: What conditions must f satisfy for the space
X = P%¢(n) Ur e**~! to be the homotopy type of total space of
S2k=1_fibration over $2k? f € mar_a(P?*(n)).

7T4k_2(P2k(n)) # 7-(-4!(_2(l32k(n)7 S2k—1) i> 7T4k—3(52k_1).
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Problem: What conditions must f satisfy for the space
X = P%¢(n) Ur e**~! to be the homotopy type of total space of
S2k=1_fibration over $2k? f € mar_a(P?*(n)).

7T4k_2(P2k(n)) # 7-(-4!(_2(l32k(n)7 S2k—1) i> 7T4k—3(52k_1).

Why put f into Tax_o(P?*(n), S?*~1) by i,?
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Problem: What conditions must f satisfy for the space
X = P%¢(n) Ur e**~! to be the homotopy type of total space of
S2k=1_fibration over $2k? f € mar_a(P?*(n)).

7T4k_2(P2k(n)) # 7-(-4!(_2(l32k(n)7 S2k—1) i> 7T4k—3(52k_1).
Why put f into max_2(P?*(n), S?1) by i.?

James' Theorem 1957 0: for X = (S9 U, ef) Ur €119, t > g + 2,
ix(f) reflects the cup product on H*(X) where

7Tt+q71(5q Ua et) i} 7rt+q71(5q Ua et’ S2k—1);

“ X ~ a total space of bundle” = “ X satisfies the Poincare
Duality” < conditions on cup product on H*(X)

191 M. James, Note on cup-products, Proc. Amer. Math. Soc. 8 (1957),
374-383.
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Problem: What conditions must f satisfy for the space
X = P?K(n) Ur e**~1 to be the homotopy type of total space of
S2k=1_fibration over $2k? f € mar_a(P?*(n)).

7T4k_2(P2k(n)) %. 7-('4_!(_2(/32/((,.,)7 S2k—1) $_ 7T4k—3(52k_1).

Results for max_»(P?*(n), S2k—1) 1
7T2k(P2k(n), 52k71) = Z{ng}; 7T2k,1(52k71) = Z{L2k71}, where
Xox is the the characteristic map of 2k-cell in P?K(n) and 1px_1 is
identity map of S2k=1 et [sz, L2k71]r € 7T4k,2(P2k(n), 52k71)
be the relative Whitehead product of the generators Xy, and
L2k—1-

There is the exact sequence

0— {[sz, LZk—l]r} L) 7r4k_2(P2k(n), 52k—1) ﬂ—*> 7T4k_2(52k) — 0.

2k oty S Zn{[Xok, tok]r } D Tan—2(5%), k=24,
7T4k—2(P (n)7 S )_{ZQn{[X2k; szfl]r}+X2k*7T4kf2(D2k» 5‘2/&1)7 k#2’4.

1S Sasao, On homotopy groups ma,(K}, S"), Proc. Jap. Acad.- 39 (1963)
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Our results

Tak_a(P?(n)) L Tak_o(P?(n), §261) 2 1y o(52K1),

There is the exact sequence

0 — {[Xok, Lokl } = mak—o(P?*(n), S2=1) I5 1y _5(S2K) = 0.

Tako(P(n), S% )= Tn{[Xok, tak1]r} DTak—2(5%), k=2,4;
k=2 ’ Zoon{[Xok, tak1]r } + XoksTak2 (D3, S?1) k#£2, 4.

Theorem 1 (Zhu-Pan, preprint | 2025'2)

Let X = P?(n) Ur e* 1 be a simply connected CW complex.
Then X is homotopy equivalent to an S?<~1-fibration over S if
and only if i,(f) = m[Xak, tak_1],, m = £72 (mod n) with

T € 7%, where 7 denotes the group of all invertible elements (in
the sense of multiple operation) in 7.

127 ). Zhu, J.Z. Pan, Homotopy classification of S**~'-bundles over 5%,
Preprint.
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For k =2, X = P*(n) Ur €', [X] is a specified generator of
Hy(X) = Z.
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For k =2, X = P*(n) Ur €', [X] is a specified generator of
H7(X) = Z. We define the linking form as

b: HY(X) @ HY(X) = Zp, x @ y — {B7(x),y N [X]), where

B: H3(X;Z,) — H*(X) is the Bockstein isomorphism and

(—, =) H3(X; Z,) ® H3(X) — Z, is the Kronecker pairing.
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For k =2, X = P*(n) Ur €', [X] is a specified generator of
H7(X) = Z. We define the linking form as

b: HY(X) @ HY(X) = Zp, x @ y — {B7(x),y N [X]), where
B: H3(X;Z,) — H*(X) is the Bockstein isomorphism and

(—, =) H3(X; Z,) ® H3(X) — Z, is the Kronecker pairing.
Thm [Kitchloo-Shankar, IMRN, 2001] 3

Let X be a simply connected CW-complex as above. Then X is
homotopy equivalent to an S3 -bundle over S* if and only if the
following two conditions hold.

(I) The secondary cohomology operation © is trivial, where

© : H*(X; Zy) — H'(X;Z) corresponds to the relation
5q°S5q® = Sq3Sq' in the mod 2 Steenrod algebra.

(11) The linking form b : H*(X) ® H*(X) — Zj, is equivalent to a
standard form for some choice of [X]; that is, there exists an
isomorphism 1 : Z, — H*(X) such that b(¢)(x),¥(y)) = xy.

13N, Kitchloo, S. Krishnan, On complexes equivalent to S3-bundles over S§*,

Int. Math. Res. Notices 8 (2001), 381-394.
14Harper, Secondary cohomology operations, AMS, Providence, RI, 2002
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Our results

Theorem 2

Let X = P?k(n) Ur e**=1. Then X is homotopy equivalent to an
S%k=1_fibration over S%¢ if and only if the following two conditions
hold: .

(1) The induced map m2*(X) EN 72k(P2k(n)) = Z, is a surjection,
where w2K(—) = [, S?K] is the cohomotopy group functor.

(1) The linking form b : H**(X) @ H?%(X) — Z, is equivalent to a
standard form for some choice of orientation on X i.e. there exists
an isomorphism v : Z, — H*(X) such that b()(x), ¥ (y)) = xy.

Remark 3

By the exact sequence

(542, 52K] L2 [P2K(n), S2K] = Z{pox} <X [X, 52K], The
condition (1) is equivalent to pok«(f) = pokof = 0. For k =2, the
condition (1) of Theorem 2 is equivalent to the condition (I) of
Thm [Kitchloo-Shankar, IMRN, 2001] .
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By above theorem, if X = P2%(n) Ur e**~1 is an S2k~Lfibration
over 5% then

f €Kit = Ker(pake : mak2(P2(n) = mas2(5%)

Tacr(P(n), $%7) B maica(87) 275 maa (P () 2 masa(P?(n), 77)

Oman—1(P?k(n), S?k71) = nmay_o(S?71) [Sasao, 1965] , there is a
short exact sequence

0 = map_a(S2KY) nmap_o(S2L) 25 K B i (KDY 0 (1)

Lemma 4

Zn{[Xok, t2k-1]r}, k=24
I*(K,?) = Zzn{[sz, szfl]r}, k # 2,4 and 2’[7,‘ (2)
Zn{2[X2k7L2k—1]r}, k 75 2,4 and 2 J[ n.
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fe K;(7 = Ker(ka* : 7T4k,2(P2k(n)) — 7['4k,2(52k))

i (Kn) _ <[X2ka L2k—1]r> 5 k= 2,4 or 2|n;
Uk (2[Xok, tok—1]r), k#2,4and2¢tn.

0 = map_o(S2K1) /nmap_o(S2L) 25 K B i (KDY 5 0

0 — "2" [Xok, tok—1]r

Let 0] € Tax—2(P?%(n)) be the lift of [Xox, tok_1], for k = 2,4 or
2|n (resp. 2[Xok, tok—1]r for k # 2,4 and 2 { n) by the map i,.

KP = (00) 4 ink—147ak—2(SZ 1) /ning_1aman—2(S*71).  (3)

where (0]) denotes the cyclic subgroup of K| generated by 6}.

Theorem 5
Let X = P?(n) Ur e**—1, then X is homotopy equivalent to an
S2k=1_fibration over Sk if and only if f = a0 + irx_10y where
v € mak_2(S*1) and there is a T € Z}, such that

2a =472 (mod n), k+#2,4,2{n;
{ a= =472 (mod n), otherwise.
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Theorem 5 Let X = P?*(n) Ur e**~1, then X is homotopy

equivalent to an S~ L-fibration over S2¥ if and only if

f = ab} + ix_10y where y € Tak—2(S%71) and there is a T € Z*
2a=+72 (mod n), k #2,4,21n;

such that { a= 472 (mod n), otherwise.

e For special k, we compute max_2(P?*(n)), KI' C mak—2(P?*(n))

Proposition 6 (Homotopy Equivalence®® )
P2K(n) Up, e** =1 ~ P2k(n) U, e**~1 if and only if there is a
homotopy equivalence g € £(P?*(n)) such that gfi ~ +f,.

e These enable us to count the number G, of the homotopy types
of the total space of S~ 1-fibration over S%* for specific k.

®K. Yamaguchi. Self-homotopy equivalences and highly connected Poincare
complexes, Lecture Notes in Mathematics 1425. (1990)
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Theorem 7 (Zhu-Pan Preprint 11 2025'°)

Let n = 2"pi*p3? - - - pS denote the prime factorization of n, where
r>0,p1 <pr<---< ps are odd primes, e;,er,--- ,es > 0. If
r=0,1and pi=1(mod4) i=1,--- s, then we say that n
satisfies % . Let the greatest common divisor of two integers m and
n be a. If n satisfies %, we denote it by (m,n) = a*. Otherwise,
by (m,n) = a. Then G} for2 < k < 6 are given as follows

(12,n)= | 2" | 2"t,r=0,1;t=1,3

= |1 (GEYGR)
(8,n)=| 2 or4 | otherwise
G; = 1 2
(240,m)= 2" | 5 | 10" | 2taitr,r=0,1,2.3, 4t =1,3:, = 1,5
Gy = 1] 2 3 Mmﬁ&
8,n)=|1|2"0r8 | 2o0r4
Ge = |1 8 16
(504, n)=| 2* 2'tit,r=0,1,2,3;t; =1,3,9; o = 1,7
G = 2 %}QH)JZO w,rZIJ w,r::&

167.). Zhu, J.Z. Pan, Homotopy classification of S**~'-bundles over 5%,
Preprint.
27/62



In order to compute the homotopy exponents of mod 2" Moore
spaces 17. | S.D. Theriault constructed a special S~ 1-fibration

over S%¢ and he called the total space “mod-2" tangent bundles”.
This is a CW-complex X = P2%(n) Ur e**—1 with ¥°f = 0.

Theorem [Zhu-Pan 2025] For any k > 2, if X = P?(n) Ur e*<~1is
homotopy equivalent to an S2*~1-fibration over S?% and
> *of = 0, then the 2-local homotopy type of X is unique.

7S D. Theriault, Homotopy exponents of mod 2" Moore spaces, Topology

6(2008) 369-398
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e We say two F-fibrations X = B and X’ = B are equivalent if
there is an homotopy equivalence f : X — X', such that for’ = 7.

F—sX—">8B.

F—sX-~-+B

o Let G,1:={f:5" — S" | f is homotopy equivalent} with
compact-open topology

e By Classification Theorem [Stasheff, 1963'%], the classifying
space BGp11 for Gy exists and it classifies the equivalence
classes of S"-fibrations. Thus the (fibaration) equivalence classes
of S"-fibration over S™ is one-to-one correspondence with the
7"'m(BGn+1)-

e It is well known that the classifying space BO,1 for orthogonal
group Opy1 classifies the isomorphism classes of n + 1-dimensional
real vector bundles. Hence equivalent classes of S"-bundles over

S™ are in one-to-one correspondence with 7, (B0,+1)
18 ). Stasheff, A classification theorem for fibre spaces. Topology 2 (1963),

239-246.
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The classical J homomorphism identifies Op11 with the
sub-monoid of G471 of linear actions. It induces a map

J* : 7Tm(BO,H_1) — Wm(BGn—‘rl)y

which corresponds to the map from the set of equivalent classes of
S"-bundles over S to the set of equivalence classes of
S"-fibration over S™.

The square is from the universal fibration M — EM — BM for

M = Opt1, Gy (for M = Gpyq, this is a quasi-fibtration)

I
7Tm(BOn+1) I 71'm(BGr1+1)

]

Jx
7Tm71(on+1) —_— 7l’m71(Gn+1)

where the left map is isomorphic for m > 2 since EOp41 is
contractible and the right map is isomorphic for m > 3 since
EG,1 is aspherical.
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Therefore, for m > 3, any S"-fibration over S™ is equivalent to an
S"-bundle over S™ if Jy : Tm—1(On+1) = Tm—1(Gnt1) is an
epimorphism .

Proposition 8 (Zhu-Pan, preprint | 2025)
Ji t mok—1(Oox) — mak—1(Gok) is an epimorphism for k = 2,3, 4
and not an epimorphism for k =5, 6.

Corollary 9 (Zhu-Pan, preprint | 2025)

Theorem 1, Theorem 2, Theorem 5 and Theorem 7 still hold when
S%k=1_fibration over S is replaced with S*~1-bundle over S
for k =2,3 and 4.

31/62



Generalization of the James' Theorem

oelet [ :=S9U,et, t>q+2,9>2; X = LUfett9, je,
X 1= 59U, et Ur et with ¢4, e and ey 4 the cohomology
classes which are carried by cells S9, ef, et*4

fe 7Tt+q—1(L) s 7Tt+q—1(L, S9) 2 7Tt+q—2(5q)‘

® Tniq—1(L,S9) = Z{[0, 4]+ } ® Imo..

me(L, S9) = Z{o}, o : (D!, S*71) — (L, S9) attaching map;
7(S7) = g}

Theorem 10 (James 1957%°)

Let X = LUf e'™9, with f € meyq—1(L). If i(f) = m[o, tq]r + oop,
then e; U e = £meg+.

e We want to generalize above theorem to X = P?%(n) Us e* 1.

191.M. James, Note on cup-products, Proc. Amer. Math. Soc. 8 (1957),

374-383.
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Generalization of the James' Theorem

7T4k_2(P2k(n)) ’H* 7r4k_2(P2k(n)’ SQk—l) i> 7T4k—3(52k_1).

2k oty [ Zn{[Xok, tara]r } Dman—2(5%), k=24,
Tako (P (n), S )—{Z%{[X%, vokt]r )+ XokaTar o (D2, S2%1), k£2, 4.
For X = P?k(n) Ur e**~1, let &% _;,85, &5 | be the module n
cohomology classes which are carried by cells of X.
Theorem 11 (General James' Thm, Zhu-Pan Preprint | 2025)
Let X = P?k(n) Ur e* =1, where f € mgp_o(P?*(n)) with
pgk*(f) =0,1ie, fe Kl? If I*(f) = m[ng,szfl]r, then

éﬁi U éﬁ(_l = j:mé‘ﬁ_l, where the latter m is the module n
reduction of the front.

33/62



ix(F) = m[Xok, tok—1]r

The method of the proof: 5% —r P*(n) ——

J1+i2p2k

S4k—§i1+j2p2k)° ;32,((”) v 52k

2k 4k—1 =X ) aX aX
X=P (n) Uf e e2k U e2k71 = :l:me4k71
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ix(F) = m[Xok, tok—1]r

The method of the proof: §%2 —" » p(p) —— > x .
\

Jitiap2k \

Gk A1 Hip2A)of P (n) v §% \V/
X = P*(n) U e** & UE | =+m&s
2k 2k 4k—1 =S —
V= (P¥(n) v 57) Ui +japak)of € & U -1 = tmégy—1

(U1 + J2p2k)of = jix(f) — mj1izk—1, ]
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ix(F) = m[Xok, tok—1]r

The method of the proof: §%2 —" » p(p) —— > x .
\

Jitiap2k \

IRk v ek,
X = P%(n) Us e*k1 & UE | =+m&s
V= (sz(n) Vv 52k) U142 por)of etk—1 éfk U ék_1 = tmésu_1
(1 + Jj2p2k)of = jiu(f) — mljriok—1, o]
(P2 (n) v S Uy, r) ¥ &) U &1 = +0& 1
(P2 (n)V 52k) Unmljiioe_1.o] gkt é25k U éy_1 = tmésu_q
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ix(F) = m[Xox, tak—1]r

The method of the proof: §%2 —" » p(p) —— > x .
\

Jitiap2k \

B e S
X = sz(”) Ur ekt éﬁ U éﬁ,l = j:me4k 1
V = (P?(n) v §%) Ui ppe)or €7 & U dx_1 = tmég_1
U1 + j2p2k)of = ju(f) — mljrizk—1, 2]
(P*(n) v $¥) U Ui () et &) U &1 = 108k
(P*(n) V $%) Upnfjyige_y o) €77 & U d_1 = tmég_1
(P*(n) v 5%) Ulitizk—1.42] et & U &1 = L1
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ix(F) = m[Xox, tak—1]r

The method of the proof: §%2 —" » p(p) —— > x .
\

Jitiap2k \

IR ook

X = P?(n) Us e*1 & UE | =+m&s
V = (P?(n) V $*) Uit jopmyor €771 & U 1 = £még_1
(1 + Jj2p2k)of = jiu(f) — mljriok—1, o]

(P*(n) v $¥) U Ui () et &) U &1 = 108k
(P*(n) v 5%) Umliiink—1.2] ekt &) U1 = Tmég_1
(P*(n) V S%) Ui 1oy €777 &5, U1 = tém_1
(5261 526y Uy oy et~ STy 62 g5 UaS | =ty
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For CW-complex X, a € HP(X,Zp), b € HY(X,Z,), with

aUb =0, where p,q > 2. Suppose that HPT9-1(X 7Z,) = 0.
Then a function h: mp4q—1(X) — %y is defined as follows. Let

A € Tprg-1(X). Let X* = X Uy ePT9. Let c denote the modulo-n
reduction of the integral cohomology class carried by the top cell.
There are unique elements &’ € HP(X*,Z,), b’ € HI(X*,Z,),
which map into a, b, respectively, under the injection. Since

aUb =0, there is a unique m € Z, such that 8/ U b = mc.
Define h(A) = m. We prove:

Theorem 12
(Generalize the Theorem 4.1 of James' theorem) The function h is
a homomorphism of groups.
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The proof of the Theorem 1

Ki —— > mar2(P*(n)) — > ma_2(5%)

Ker(7t.) — = mak—a(P?(n), S* 1) — > ma_o(S%, %)

Jo
7T4k_3(52k71)
e Calculate i,(K}) : ix(K]) = Ker(7,) N Ker(9), which implies

Zn{[ Xk, t2k—1]r}, k=2,4;
i (KR Zon{[Xok; a1l } k#2,4, 2|n; - by Ker(T‘r*):{

Zn{Q[XQk, Lgkfl]r}, /(7527 4, 2 '|’ n.

Zn{[Xok, tak—1]r }, k=2, 4;
Zon{[Xok, tok—1]r }, k #2, 4.

and O([Xak, tak—1]r) = —[0Xok, tok—1] = —nltak—1, tak—1]

e Prove i,(f) = m[Xok, tok—1], for some m iff poyof =0 (i.e.,
FeKD) : pakof =0 Toinf =0 & inf € Ker(7,), ie.,

ixf € Ker(7,) N Ker(0) = ix(KY).
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pf: 52615 X 5, 62 is a fibr. = i, (f)= m[X2k,L2k 1] rm==£72 (mod n)

Note there is a cofib. seq. S*~2 15 p2k(pn) 2%, x|
e Consider the Serre S.S. for the fibration converging to H*(X)

B E§.2k71 o~ H2k—1(52k71)
2k -1 = Z{ym-1} ¢
\dz;;
Ezzk.o o H2k(52k)
0 ¢ = Z{y2«}
q ) 0 2k

(1) EPCI E2qu Hp(52k) ® Hq(52k 1)

(2) dzk(ka 1) = nyax where yo, 1 and y are suitably chosen
generators of H?4~1(S2k=1) and H?k(S52k), resp.

(3) m* : EJ*0 = H2K(S%K) — B2 © H2K(X), and EZ° = H2k(X)
which implies 7* : H2k(52k) — H2k(X) is surjective.
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7+ H2K(S2K) — H2K(X) is surjective.

So is (moix)* where moix : P2K(n) X5 X T 52k,

Since [P?%(n), S?(] = Z,{pax}, Hence moix = apax, a € 7%.

= (apok)of = moixof = 0 by cofib. seq. S*—2 LN P2k(n) X, x

= pokof = 0. So ix(f) = m[Xak, tok—1], for some integer m.
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e For the Serre S.S. in Z,-coefficients converging to H*(X,Z,),
we get BP9 = ERT = HP(S%K Z,) @ HI(S* 1 Z,).

B E20,2k71 o~ H2k—1(52k—1; Zn)
2k—1 = Z/n{lys 1]} .
E22k,0 o~ H2k(52k; Zn)
0 . = 2/n{lya}
qa , 0 2k

where [y241], the n-module of yp,_; € H?*~1(52K1) =
e Since in both spectral sequences there are no extension problems
in the filtration 0 C F}f C --- C F{ = HY(X) or HY(X; Z,), hence
we can identify H*(X) or H*(X,Z,) with the (2k + 1)-th stage in
the respective spectral sequences.

o For yox®yok1 € H2k(52k) ® H2k71(52k71):E22k,2k—1

can be regarded as generators of H**~1(X).

0,2k-1
E; )
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H¥*1(X) = Z{ya @ yok1 }

e Choose [X] € Hyk—_1(X) satisfies (yox @ yak—1,[X]) = 1. Clearly,
[X] = £&5 _{, where &%, is the duality of &5 _,.

e By dox(y2k—1) = nyak, the Bockstein isomorphism

B H* Y (X, Zy) — H?*(X) is given by B([yk-1]) = yok-
Moreover, 3(&% 1) = & .

If &% | = Tlyak_1] with 7 € Z, then & = T[ya].

e By the Genaral James’ Thm

<é§<—1 U &%, [X]> <ime4k e 1> =+m
On the other hand
(51 U85 1X]) = 72 {[yok1] U Dyasl, [X]) = 72 (mod n)

So m= +72 (mod n) .

44 /62



pﬂuﬁﬁﬂﬂ&hukm,mziﬁ(mwn)éS%{%ngﬂﬁaﬁm

e poyof = 0. By cof. seq. S*—2 5 P2k(n) X, X, there is an
extension 7 : X — 52k of Pok, 1.e.,

swh2 Lo pak(n) X x
e

-
P2k 7.
P

52k

We have fib. seq. Fz — X — S2k.

Method: Show the only nontrivial reduced homology of Fz is
Hoi—1(Fz) = Z by spectral segs.
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pf: i.(f)=m[Xo, tar1],, m = £72 (mod n) = S X5 5% is a fibr.

Consider Serre S.S. for the fib.: Q5% — Fz — X and note that
H*(Q5%) = Z{zpk—1); | j = 0,1, }.

Z{Z2k—1)j } p=0,q9=(2k-1)j;
Zo{y®@z02k1)}, P =2k, q=(2k—1)j;
P9 __ 1yp q 2ky __ (2k-1)j 5> )
E2 —H (X)®H (QS )_ Z{y4kfl ®Z(2k71)j}7 p= 4k—17q — (2/(—1)_],
0, otherwise.

where yo) and ysx_1 are generators of H?%(X) and H**~1(X)
resp. Simplify the generators yo, ® zg and yar_1 ® zg by yok and
Yak—_1 respectively in the following text.
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The Serre S.S. for the fib.: Q5% — Fz — X where
H*(Q5%%) = Z{zpk_1); | j = 0,1, }; yai and yay_1 are
generators of sz(X) ET= HP(X)®H‘7(§252")

n{)’2k ® Zek-3} Z{}’4k 1® Zk-3}
dak1

4k — 2 | Z{zak2~_Zn{y2k
de

2k —1 Z{22k_1}dk Zn{)’2k

6k—3 Z{Z5k_3

ak—2}  Z{Yak—1 @ zak2}

1} Z{Yak—1® Zok1}

0 7{z} Zin{y2k} Z{yak—1}

q9 0 2k 4k —1
P

Need to calculate the nontrivial differentials
doy - EO (2k=1)j Z{z(zk 1)1}—> Ezk (2k—1)(j-1)
4k1,(2k-1)(j-2)

dak 1 : Eg; A =Z{nzp11)j} — Egy

=Zn{y26 D 2(261)j }
=Lin{yak1®22k1)}:
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2k—1)(j-1

Calculate doy : Ez(),;(Qk_l)j = Z{z2k-1)j} — 522:’( ):Zn{)/2k®2(2k—1)j}

Proposition 13
In the Serre S.S. for fib. QS5%k — Fs; — X, we have

d2k(z(2k—1)j) =Y ® Z(2k—1)(j—1)"

Proof.
It is not difficult to get the result by the naturality of the Serre
spectral sequence with respect to maps of fibrations

QS%k —= Q52K
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2k—1)j 4k—1,(2k=1)(j-2)

Calculate day g : Ef,’(( =7Z{nz1)j} — E4/< =ZLn{Yak1®Z2k1); }

For an extension 7 : X — S%K of pyy, i.e. ixoft = pax. Then there
is the extension f(7) satisfies the homotopy commutative diagram

P2(p) — > X 25 gkt

b |

S2k [n] §2k

P2k(n)

P2k

Proposition 14

The Hopf invariant, H(f(7)), is a multiple of n, i.e.

H(f(#)) = An, and in the Serre spectral sequence for the fibration
0S%k 5 F= — X, we have

dak—1(nZ(2k—1)j) = Aak-1 ® Zak—1)(j—2), J=2,3," .

Remark: Different choice of extensions f(7) of T give the same
Hopf invariant by [X, S2k] £ [S4—1 §2k] 220 = [P?k+1(n), S2K]
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Calculate dayg : Efé(zk_l)j:Z{nz(Qk_l)j} — E4k_1 e/ nYak-1@2Z(2k-1)j }

Po(n) 2 X s gt x DL gkl x
lﬁ' lf(ﬁ') owrl ()
sz(n) P2k S2k [n] 52k 52/(

From the exact _sequence

[P2k( ) 52k] [X 52k] (_ﬂ. Ak 1(52k) [P2k+1(n) 52k]
there is an action max_1(S%%) ~ [X, S?K] defined by the left
triangle above[Arkowitz, Introduction to Homotopy Theory] .

(=)

Lemma 15

If % : X — S%k is an extension of poy, then any extension of pyy is
obtained by ai (o € Tax_1(S?¥)) which is defined by above right
trangle where ~y is the coaction induced by defining cofib. of X.
Moreover, for the Hopf invariant H : ma,_1(S5%%) — 7,

H(f(a#)) = n*H(a) + H(f(7)). (4)
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2k—1)j 4k—1,(2k—1)(j-2)
Ey ™

Calculate dgjg : EZ?,’((

=Z{nzpk1)} — =Zn{Yak1®2261)j}

Proof.

P (n) —2 e X P gl x T gLy x|
lﬁ l“ﬁ) l (o

P (n) —> g2k "5 [r] g2k S2k

e The “Moreover” part: note that a7 fits into the following
commutative diagrams:

X o gak— le_>_S4k 1y gek—1 X_F’X>54k—1

a;ri l(aﬁ) ([n]oa,f(%))l aﬁ-l l[n]oa+f(‘7r)

S g [rl g2k g2k " sok
(id V px)oy =~ vopx, where v is the co-H-space structure map on
S*=1 and ([n]oa, f(#))or =~ [n]oa + f(#),
H(f(a#)) = H([n]oa) + H(f(%)) = n*H(a) + H(f(%)). O
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Prop 14. The Hopf invariant, H(f(#)), is a multiple of n, i.e.
H(f(#)) = An, and in the Serre S.S. for Q5%% — Fz — X, we have

dak—1(nZ(2k—1)j) = \ak-1 @ Zak—1)(j—2), J = 2,3,
The Method of the proof

Q[n]

Fr—G = QS% —5 Q5% |
X —2 g4k Fi —>G

L C |
G2k [”]; §2k X X, G4k—1
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the Serre S S. for Q5% — F= — X

6k—3 Z{Zﬁk,3

4k — 2 | Z{zak 2~ _Zn{yokS2ak2} Z{ysk—1® zak2}

o\

2k —1 Z{ZZk_l}d, Zn{}/2k

0 7{z} Zin{y2k}

1} Z{Yak—1 ® 2241}

4 0 2k
P

the Serre S.S. for QS2k — G — §¥-1

4k —2 Z{Z4l< 2} Z{Y4k 1® Za2}

2k =1 | Z{zoka} ¢ N\ZAVak-1® zok1}

0 Z{z}

q 0
p

To prove: dgk—1(nz(ak—1)j) = \Vak—1 ® Z(ok—1)(j—2), forj=2.
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2k—-1)j 4k—1,(2k-1)(j—2)
E4k

Calculate day g : EZ?,’(( =7Z{nz1)j} —
H*(Qs2k) = Z{Z(Zkfl)J ’ J - 07 ]-7 27 }

Proposition 16

Let f : S*%—1 — S2k k > 1 be a map and G be the homotopy fiber
of f. Then in the induced fibration sequence OS2k 5 G — §4k-1,
we have the identity dyx—1(z4k—2) = H(f)yak—1, where

Vak_1 € H**=1(S%1) js a generator.

=ZLn{Yak1®Z2k1); }

Proof: 7T4k_1(54k71) <~ 7T4k_1(G, QSZk)*a> 7T4k_2(952k)
| | \
H4k_1(54k71) <~ H4k_1(G, QSZ“) L‘ H4k_2(952k)
where the bottom row gives the transgression of the homology
Serre spectral sequence associated to Q5% — G — S*—1,
= maa(SH) — 2 1 (Q5%)
) |
ak1y _d*! 2k
Fﬁk&(s )“‘%’FQKQ(QS )
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Proof : dax_1(zak_2) = H(f)Vak_1, where ya_1 € H¥~1(S¥%1)
o Tar 1 (S* ) D 4 5(Q526) s mar o (5% ) o (52).

a1 (S% ) — Lo 1k 2(Q5%)  maio(QSHY) 0. Tak-2(025%)

s T

Hia (5% 1) 2 Huo(Q5%)  Hyea(Q5%1) 0% 1y o (0520)

e Prop 1.30 20 implies Hay_o(QS**1)—" @f). 3 Ha2(Q25%F) sends a

generator to H(f) times a generator. The fact that related
Hurewicz homomorphisms are all isomorphic implies that d*<—!
sends a generator to H(f) times a generator.

e Dually, this gives the desired equality for differential in the
cohomology Serre spectral sequence associated to
QS%k — G — S,

%A, Hatcher, Spectral Sequences in Algebraic Topology, (Unpublished)

http://www.math. cornell.edu/ hatcher.
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Calculate dapq : Efk(zk_) =7Z{nz1)j} — E4k_1 (21)02) _ 7, nYak-1@2Z(2k-1)j }
Prop 14. The Hopf invariant, H(f(7)), is a multiple of n, i.e.
H(f(#)) = An, and in the Serre S.S. for Q5%% — Fz — X, we have

dak—1(nZ(2k—1)j) = A\ak—1 ® Zok-1)(j—2), J=2,3,"--. ()
Proof. G is the homotopy fiber of f(7). Diagram of fibrations:

Q[n] ~\) =
Q52 —— Q52 dak—1(zak—2) = H(f(7))Vak—1

|

F.;r E—— I; (Q[n])*(z4k_2) = n224k_2.
X — 2 g1 By the naturality of the Serre S.S.,

dar-1((Q2[n])*(zak—2)) = pPx dak-1(Zak2), i-e.
ndsk-1(nzak—2)=H(f (%)) yak-1-
Thus we get H(f(’FF)) = An and d4k,1(n24k,2) = AYak—_1-

The derivation-property of differential implies (5)
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P2k(n) P2k g2k M2k o2k

Prop 14. The Hopf invariant, H(f(7)), is a multiple of n, i.e.
H(f(%)) = An, and in the Serre S.S. for Q52 — Fz — X, we have

dak—1(nZk—1)j) = \ak—1 @ Zok—1)(j—2)s J =2,3,"""

Lemma 17
If there is an extension 7 : X — S2¥ of pox, then the reduced
homology of F; are given by

_ Z{_}l}zk_l}, = (2k — 1),
Hi(Fz) = § Zx{Jok-1)j}, = 2k—=1)j,j=2,3,--;
0, otherwise.
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pf: i.(f)=m[Xo, tar1],, m = £72 (mod n) = S X5 5% is a fibr.

By the Serre S.S for the fib. Fz — X — $2k converging to H.(X):
Eriq = Egﬁl = Hy(5%%) @ Hq(Fz),

4k—2 | EX¥2 > Hy o(Fz) = Zy .
w
2k—1 . E3% 7 = Z{9ak®@ i1}
0 . °
q 0 2k
P

where Jo € Hoy(SK) is a suitably chosen generator and yoy_1 is
as in Lemma 17. Since Hyx—2(X) = 0, the differential

o : E22,f72k_1 — E&ﬁk_z > Hyx_o(Fz) = Zy must be an
epimorphism. Hence the class Ajoi ® yox—1 € E5) 5 _; represents
a generator [X] € Hyk—1(X).
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For the cohomology Serre S.S = H*(X), H*(X, Z)

EPI=E5T=HP(S?M)@HI(Fz), dok(yok—1) = nyak
EP9=E5T=HP(S*)@HI(Fx, Zn), dak([y2x—1]) = nly2u] =0

= H*(X
X) — HA(X: )
02k1 _
2k—1 | By = Z{sz—l} ° 2k=1 | B3 = Zn{lyaua]} *
NS ok o
0 . Ey.” = Z{yax} 0 . EQZ:O = Zn{lya«l}
q , ‘ 0 2k q , ‘ 0 2k

where yo € H?K(5%K) is the class dual to J»x. The classes [yax_1]
and [y2x] are permanent cycles in this spectral sequence converging
to H*(X,Z,). Note that [y»4] is the modulo-n reduction of an
integral class in H?¥(X), denoted by the same symbol for

simplicity, and B([y2k—1]) = [yax].
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By B(&%_1) = &, if &% 1 = T'[yak—1] with 7/ € Z%, then
&, = 7'[ya].
From the definition of [X] and Theorem 11, we have

tm = (&1 U IX]) = 7 {[yza] U Dyaid: [X]) = 72 (mod )
It follows from m = £72 (mod n), 7 € Z}, that A\ = +7¢ (mod n)

with 79 = 77 € Z},, where 71 is an integer such that
71 = (7)7Y( mod n).
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Let :{27’ :]f ii;j 1F 2n for k # 2,4, then o€ ZE CZE,.
If 24 n for k # 2,4, then A = £(n — 79)? (mod n), where
n— 1o € Z. Replace 19 by n — 79 if 79 is even. Then we always
have A = £7¢ (mod n) with 79 odd, i.e., 70 € Zj,,. Take
Ty = 70_1( mod ny). Define 7: X — 52k as the composite
m = [m]oTr. We get a commutative diagram:

X — s gak-1 f(r) = [r]of(7)
wl f(w)l
sk H(F(x)) = 2H(F(%)) = £n+ mnt, t € Z.

Using the action of the group m4x_1(5%%) and Lemma 15, we may
then assume H(f(m)) = +n. It follows from Lemma 17 that the
homotopy fiber of 7 is equivalent to S2~1, since it is a simply
connected homology (2k — 1)-sphere. This implies that X is the
total space of an S2<~1 fibration over S2* as required.
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