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Total Betti number

For a finite CW-complex X and a field IF, let
Bi(X;F) := dimg H;(X;F), Bi(X;F) := dimg H;(X;F).
to(X;F) := >, Bi(X;F) — total Betti number of X.
th(X;F) := 3, Bi(X; F) — reduced total Betti number of X.

xX(X) == >,(=1)6;(X;F) — Euler characteristic of X.

(
X(X) ZZ(—l)ZZi’;(X :F) — reduced Euler characteristic of X.

The coefficient IF will be omitted if there is no ambiguity in the context.
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Total Betti number

The total Betti number of a topological space plays an important role
in many theories in geometry and topology.

e Weak Morse Inequality: for a closed smooth manifold M and a
Morse function f: M — R,

# critical points of f > tb(M;Z,).
e Smith Inequality: for a prime integer p and a Z,-action on a finite
CW-complex X, the fixed point set X Z» satisfies:
th(X%: Z,) < th(X;Z,).
e Halperin-Carlsson Conjecture: if a torus T* = (S1)* or a p-torus

(Z,,)¥ can act (almost) freely on a finite-dimensional CW-complex,
then tb(X; Q) > 2% or th(X;Z,) > 2F, respectively.
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Simplicial Complex

Let K be a finite simplicial complex whose vertex set is
Ver(K) = [m] ={1,2,--- ,m}.

Each simplex o of K is considered as a subset of [m].

Suppose dim(K) = d.
The f-vector of K is (fo(K), f1(K),- -+, fa(K)) where f;(K) is the
number of i-simplices in K.

The [-vector of K over a field F is
(Bo(K; ), B (K TF), -+, Ba( K TF)).
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Full subcomplex

For any subset J C [m], let

K|; = the full subcomplex of K obtained by restricting to J.

In particular, when J = &, K|; = @ and define

1, ifi=—1;

i(2) =0, Vi>0; Bi(2)= _
bi(2) ! bi2) 0, otherwise.
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Question 1

Question 1: For a positive integer m, which simplicial complexes have
the maximum (reduced) total Betti number among all the simplicial
complexes with m vertices?

When m = 1,2, 3, the answer is just the discrete m points.

When m = 4, the answer is either the discrete 4 points or the complete
graph on 4 vertices.

A complete answer to Question 1 has been obtained by Bjorner and
Kalai in 1988.
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A theorem of Bjorner and Kalai

Theorem [Bjorner-Kalai 1988]

Let K be a simplicial complex with at most n + 1 vertices. Then
UK < B(K) < (,)-

Moreover, the following conditions are equivalent:

(i) XKD = (1)),

(ii) %<K> - ([n;Lg})v

(iii) K is the k-skeleton of an n-simplex, where k& = n/2 — 1 if n is
even and k = (n —1)/2 or k = (n —3)/2 if n is odd.

Remark: The proof of this Theorem uses a nontrivial operation called
algebraic shifting of a simplicial complex and Sperner's theorem.
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Question 2

Question 2: For each 0 < d < m, which d-dimensional simplicial com-
plexes with m vertices have the maximum total Betti number among
all the d-dimensional simplicial complexes with m vertices?
For a pair of integers (m,d), 0 < d < m, let

Y (m) = the set of all simplicial complexes with vertex set [m)].

Y (m, d) = the set of all d-dimensional simplicial complexes with
vertex set [m].

Question 1 and Question 2 are equivalent to determine the sets

St (m) = {K € X(m) | th(K) = max %(L)} C X(m).

Lex(m)

St(m, d) = {K € S(m, d) | th(K) = Lerg(emxd)ﬁ)(L)} C (m, d).
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Bigraded Betti numbers

For a simplicial complex K € ¥(m), the Stanley-Reisner ring of K
over a commutative ring with unit R is

RIK] = Rlvy, -+, vm] /I

where Ty is the ideal generated by all the square-free monomials

v;, -+ v;, where {iy,- -+ is} is not a simplex of K.

s
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Bigraded Betti numbers

By the standard construction in homological algebra, we obtain a
canonical algebra Torgj, ... v,.](R[K], R), where R is considered as
the trivial R[vy, -+, v,;,]-module.

Moreover, there is a bigraded module structure on Tor gy, ... 4,,](R[K], R)
TOr Riyy . ] = P Tory 2., (RIK],R)
i,7>0
where deg(v;) = 2 for each 1 < i < m.

If R is a field F, define
BT(F(K)) = dimg Torg”  (F[K],F)
called the bigraded Betti numbers of K with [F-coefficients.
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Total bigraded Betti numbers

The total bigraded Betti number of K with F-coefficients is

D(K;F) =Y B (F(K)) = dimg Torg, .. u,,) (F[K],F).

,J
The Hochster's formula tells us that

BUHF(K)) = Y dimg Hj_i (K| F).

JCm],|J|=j

So we can also express D(K;F) as

D(K;F) = > th(K|,;F).

JC[m]
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Question 3

Question 3: For each 0 < d < m, which simplicial complexes in
Y(m, d) have the minimum total bigraded Betti number over a field F
among all the members in X(m, d)?

Such kind of simplicial complexes are called D-minimal over F.

Theorem [Cao-Lii 2011, Ustinovsky 2011]

For any K € 3(m,d) and any field F, ﬁ(K; F) > 2m—d-1,

A simplicial complex K € ¥(m, d) is called tight over a field I if

D(K;F) = 2m—d-1,

Remark: A D-minimal simplicial complex is not necessarily tight.
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Question 4 and Question 5

Question 4: For a positive integer m, which simplicial complexes in
Y (m) have the maximum total bigraded Betti numbers among all the
members in X(m)?

Equivalently: For what K € ¥(m) does dimg Torgy,,,... 4,,](F[K],F)
reach the maximum?

Question 5: For each 0 < d < m, which simplicial complexes in
Y(m,d) have the maximum total bigraded Betti numbers among all
the members in X(m, d)?

We can give a complete answer to Question 4. But we do not know
the answer to Question 5.
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Some notations

For any m > 1, we use Al™l to denote the (m — 1)-dimensional simplex
with vertex set [m)].

So Al is a simplicial sphere of dimension m — 2.
Moreover, for any 0 < k < d < m,

o let A%] denote the k-skeleton of Al™:

o let AE”;)] (d) denote the minimal d-dimensional subcomplex of Al

that contains A[(;")] which is unique up to simplicial isomorphism.

Indeed, A{}'/(d) is the union of A} with a d-simplex.
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Simplicial complexes with the maximal total Betti
number in each dimension

We answer Question 2 in the following theorem.

Theorem 1 [Dai-Yu 2024]

The sets X% (m, d) are classified as follows:

(i) fd < [2] —1ord=m—1, then £%(m,d) = {A[m]};

tb [m] .

(i) If [2] < d <m—3, then S%(m, d) = {A([g]_l)u)},
(i) If d =m — 2,

e when m is o th(m. d) = 4 Al™ [m] .

h dd, Z%(m,d) = { A _1)(d>,A([g])(d)},

e when m is even, X%(m,d) = {A[m} ]_1)(d)}.
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Classification of tight simplicial complexes

We classify all the tight simplicial complexes in the following theorem.

Theorem 2 [Dai-Yu 2024]

A finite simplicial complex K is tight if and only if K is of the form
AN s s 9AE] o Al s QAT o A for some positive
integers nq,--- ,ng and 7.

Note that by convention, OA = & and K + @ = K.

Remark: If K € ¥(m,d) is tight, it is necessary that [2-1] < d.

The equality [25] = d is achieved by AR « AP x- - .« OAP when
m is even and by Al x AR x 9AZ % ... x 9AR! when m is odd.
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Classification of tight simplicial complexes

So if [mT_l] < d<m-—1, the D-minimal simplicial complexes are
exactly all the tight simplicial complexes.

m—1

But when [T] > d, a D-minimal simplicial complex in Y(m,d) is
never tight.

K3 Cs

Figure 1: D-minimal 1-dimensional simplicial complexes with 5 vertices
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D-minimal 1-dimensional simplicial complexes

i WAN

or-RcRe
P D R

Figure 2: D-minimal 1-dimensional simplicial complexes with < 8 vertices
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D-minimal 1-dimensional simplicial complexes

It seems to us that there is no good way to describe all the D-minimal
simplicial complexes in ¥(m, d) when [2-1] > d.
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Simplicial complexes with the maximal total
bigraded Betti number

We answer Question 4 in the following theorem. Let

g(m, d) = i (".‘)(J;l), 0<d<m.

j=dr1 N

Theorem 3 [Dai-Yu 2024]

If K is a simplicial complex with m vertices, then for any field F,

Bikcn) <o (m [252]) 1.

where the equality holds if and only if K = Al™

(=)
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Simplicial complexes with the maximal total
bigraded Betti number

Theorem 3 [Dai-Yu 2024]

If K is a simplicial complex with m vertices, then for any field F,

D(K;F) <g(m, {mT_lb +1,

where the equality holds if and only if K = A[(n[ll@;l]q)'
3

g(m,d) = Zm: (7)(‘7;1> 0<d<m.

Simplicial Complexes with Extremal Total Betti Number and Total Bigraded Betti Number
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Proof of Theorem 3

We can easily show that if D(K;[F) reaches the maximum, then K

must be invariant under any permutation of its vertices, i.e. K is the
d-skeleton of Al for some d.

By an elementary calculation, we obtain

m—d—2 .
m m m—1—1
DAE) = ( )( 11 )+1=g(m,d+1)+1.
=0

m—1

Then Theorem 3 follows from the technical lemma below.

Lemma [Dai-Yu 2024]

For 0 < d <m, g(m,d) = 37", (™) (;;1) reaches the maximum

J
when and only when d = [mT_l]

Simplicial Complexes with Extremal Total Betti Number and Total Bigraded Betti Number
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Classification of Tight simplicial complexes

Theorem 2 [Dai-Yu 2024]

A finite simplicial complex K is tight if and only if K is of the form
IAM] . o OAE or Al GAM] o GARE]

For any positive integers nq,--- ,ng and r, call the simplicial complex
OAIMI 5 ... x A 3 sphere join and call Al x 9AM] .. x 9AD]
a simplex-sphere join.

Theorem [Yu-Masuda 2022]

Let K be a simplicial complex of dimension n > 2. Suppose that K
satisfies the following two conditions:

(a) K is an n-dimensional pseudomanifold,
(b) the link of any vertex of K is a sphere join of dimension n — 1,
Then K is a sphere join.

Simplicial Complexes with Extremal Total Betti Number and Total Bigraded Betti Number Yu, Li 27 / 46



Outline of the proof
0000®000000000000000000

Pseudomanifold

A simplicial complex K is called an n-dimensional pseudomanifold if
the following conditions hold:

(i) Every simplex of K is a face of some n-simplex of K (i.e. K is

pure).

(ii) Every (n — 1)-simplex of K is the face of exactly two n-simplices
of K.

(iii) If o and o’ are two n-simplices of K, then there is a finite sequence
of n-simplices 0 = 0g,01,...,0, = ¢ such that the intersection
;N o is an (n — 1)-simplex for all i = 0,..., k — 1.

In particular, any closed connected PL-manifold is a pseudomanifold.
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Proof of Theorem 2

Lemma [Dai-Yu 2024]

Let K be a simplicial complex with m vertices. If K is tight, then
(i) K is pure.

(ii) For every simplex o of K, Linkyo is tight.

(iii) If K is not connected, K must be S°.

Suppose K is a tight simplicial complex with m vertices. Then by the
above lemma and the induction on m, the link Link v of every vertex
v of K is either a sphere-join or a simplex-sphere join. This implies
that K is a PL-manifold (with boundary).

Simplicial Complexes with Extremal Total Betti Number and Total Bigraded Betti Number Yu, Li 29 /46
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Proof of Theorem 2

e Case 1: The link of every vertex of K is a sphere-join. Then K is
a closed PL-manifold, hence a pseudomanifold. So K must be a
sphere-join by the above lemma.

e Case 2: There exists a vertex v of K with the link Linkxv being a
simplex-sphere join. We can prove that there exists another vertex
w € K such that K = w * (K\w) and K\w is also tight.

By induction, K\w is a sphere-join or a simplex-sphere joint, then
K is a simplex-sphere join. |
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Simplicial complexes with maximal total Betti
number in each dimension

Theorem 1 [Dai-Yu 2024]

The sets X% (m, d) are classified as follows:

(i) fd < [2] —1ord=m—1, then £%(m,d) = {A[m]};

tb [m] .
(ii) If [2] < d < m—3, then S(m, d) = {Aq?]_l)u)},

(iii) If d =m — 2,
o when m is odd, Z%(m,d) = {A (@), Al (d)};

e when m is even, X% (m, d) = {A[m] ]_1)(d)}.
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Shifted simplicial complex

Definition — Shifted Simplicial Complex

A simplicial complex T" with vertex set [m] is called shifted if for every
simplex 0 = {iy, -+ ,is} € T where i3 < --- < g, any {j1, - ,Js}
with 77 <y, ,7s <igand j; < --- < js is also a simplex of I'.

A shifting operation is a map which assigns to every simplicial complex
K a shifted simplicial complex A(K') with the same f-vector.

A well-known shifting operation, was introduced by Erdos, Ko and Rado
in 1961, also called combinatorial shifting, which has been of great use
in extremal set theory.
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Algebraic Shifting of a simplicial complex

Later in 1984, another shifting operation was introduced by Kalai called
algebraic shifting, which preserves both the f-vector and the (§-vector
of a simplicial complex.

Theorem [Kalai 1984, Bjorner-Kalai 1988]

Given a simplicial complex K on m vertices and a field [F, there exists
a canonically defined shifted simplicial complex A = A(K,F) on [m]
such that _ _

fi(A) = fi(K), Bi(AF) = Bi(K;F), i 2 0.
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Ordering of simplices

Let {i1,42,...,1;}. denotes an ordered set where i; < iy < ... <.

For two ordered sets S = {i1,4a,...,ix}_ and T = {j1,J2,. .., Jr}
of the same size,

e the partial order is defined by:
S<pT <= oy <y forall <<k
e the lexicographic order is defined by:
S<T <= S=Tormin(SAT) e S,
where SAT = (S\T') U (T'\S) is the symmetric difference.

Simplicial Complexes with Extremal Total Betti Number and Total Bigraded Betti Number
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Example of shifting of a simplicial complex

Roughly speaking, algebraic shifting a simplicial complex is:
starting from lower dimension to higher dimension, nudging all the
simplices forward with respect to the lexicographic order.

2
shifting <
1
3

2

2
m
1
2 3
shifting
— 3
1 4
4
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Example of shifting of a simplicial complex

5  shifting 2
_ 1

Remark: Algebraic shifting may not preserve the homotopy type of
a simplicial complex and may not even induce a chain map.
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Near-cone

In fact, the shifted complex A(K') associated to K belongs to a slightly
larger class of simplicial complexes called near-cones.

Definition — Near-Cone

A simplicial complex A with vertex set [m] is called a near-cone if for
any simplex S € A and j > 2,
if 1 ¢S andjeS, then (S\j)U{l} € A.

4
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Property of Near-cone

For a near-cone A, define
B(A)={SeA|SuU{l} ¢ A}

A very nice property of a near-cone A is: tb(A) = |B(A)].

Lemma [Bjorner-Kalai 1988]

If A is a near-cone on [m], then

(i) every simplex S € B(A) is maximal in A,
(i) A is homotopy equivalent to a wedge of spheres

A= \/ \/ 8" = t(A) =B8],

0<i<dim(A) fi(B(A))

(iii) B(A) is a Sperner family of {2,--- ,m}.

Simplicial Complexes with Extremal Total Betti Number and Total Bigraded Betti Number
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Sperner’s Theorem

Definition — Sperner Family

Let X be a finite set. A Sperner family of X is a set F of subsets
of X that satisfies A ¢ B for distinct members of . Given a subset
Y C X, a Sperner family of X over Y is a Sperner family F of X
where every member of F has nonempty intersection with Y.

Theorem [Sperner 1928]

Let F be a Sperner family of subsets of a finite set X where | X| = n.
Then |F| < ([ /2) If n is even, the only Sperner family consisting of

([ /2) subsets of X is made up of all the §-subsets of X. If n is odd, a
Sperner family of size ([n%]) consists of either all the 1(n — 1)-subsets
or all the 3(n + 1)-subsets of X.
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Summary

Near cone

Shifted complex
A(K)

Simplicial complex

K on [m]

Sperner family

B(A(K)) in{2,---,m}

th(K)=th(A(K))= | B(A(K))]

Simplicial Complexes with Extremal Total Betti Number and Total Bigraded Betti Number Yu, Li 40/ 46



Outline of the proof
00000000000000000e00000

Property of Near-cone

The following proposition tells us what kind of Sperner families on
{2,--+ ,m} are in the form of B(A) for some d-dimensional near-cone

A on [m].
Proposition [Dai-Yu 2024]

Let F be a Sperner family of [m]\{1} = {2,--- ,m}. The following
statements are equivalent:

(i) there exists a d-dimensional near-cone A with vertex set contained
in [m], such that B(A) = F;

(i) there exists a subset {i1,--- ,iq} € {2,---,m} such that F is a
Sperner family of {2,--- ,m} over {2,---  m}\{i1, -+ ,iq} and
the order of each member of F is no greater than d + 1.

Simplicial Complexes with Extremal Total Betti Number and Total Bigraded Betti Number Yu, Li 41 /46



Outline of the proof

000000000000 000000e0000

Summary

Near cone

Shifted complex

Simplicial complex A(K) Sperner family
K on [m] B(A(K)) in{2,:--,m}
th(K)=t(A(K))=| B(ACK))|
dim(K) = d, assume B(A(K)) is a Sperner family
{1,---,d +1} is a simplex of K in {2,---,m} over {d+2,--,m}

X Y
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Sperner families with the maximal cardinality

Let X be a set with order | X| = n. For a nonempty subset Y of X,
let

C'(n, X,Y) = the set of all subsets of X that have nonempty
intersection with Y.

For any i > 1, let
Ci(n, X,Y) = the collection of sets in C'(n, X,Y") of size i.
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Sperner families with the maximal cardinality

Theorem [Lih 1980 + Griggs 1982]
Let X be a finite set of order n. The maximal possible cardinality
of a Sperner family F of X over a subset Y C X with [Y| =k is
f(n,k) = (M’;ﬂ) - (Wﬂ) Moreover, |F| = f(n, k) if and only if F
is one of the following cases:
(a) CP”] (n, X,Y) where [-] is the ceiling function;

2
(b) Cin-1y (1, X, Y), for odd n and k > £ (n + 3);
(c) C’%(HH)(n,X, Y), for even n and k = 1.

In particular, if | F| = f(n, k), every member in F has the same order.

Remark: Not all Sperner families with the maximal cardinality in the
above theorem are of the form B(A) for some near-cone A.
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Proof of Theorem 1

e By an induction on the dimension d, we can prove:
(i) fd < [%] —1ord=m—1, then £%(m,d) = {A[(ZL)]};

e By figuring out all the possible near-cones corresponding to the
Sperner families with the maximal cardinality in the above theorem,
we obtain

tb [m] .
(i) If [2] < d <m—3, then ©%(m, d) = {A([,;]_l)@l)},
(i) If d = m — 2,
e when m is o (m, d) = 4 Al [m] :
h dd, X0(m, d) {A[ } Lyl AL @)}
e when m is even, X (m, d) = {A ]1)(d)}
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Thank you for your attention )

November 8, 2025

South China Normal University, GuangZhou
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