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@ Some topological constraints on manifolds with positivity of
curvature (in various vague senses) share similar feature to
those arising from circle action.
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The /2\—genus of a spin manifold M equipped with a positive scalar
curvature metric vanishes.
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@ Some topological constraints on manifolds with positivity of
curvature (in various vague senses) share similar feature to
those arising from circle action.

Theorem (Lichnerowicz 1963)

The /2\—genus of a spin manifold M equipped with a positive scalar
curvature metric vanishes.

o (Atiyah-Singer 1963)

(D*

D: T(SteS) re7), (S~ @®S"), (D: Dirac operator)

A(M) = dim ker(D*) — dim ker(D™).
e (Lichnerowicz 1963)

1
D? = V*V + 25 (sg: scalar curvature.)
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Theorem (Atiyah-Hirzebruch 1970)

The 2\-genus of a spin manifold M equipped with a circle action
vanishes.
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Theorem (Atiyah-Hirzebruch 1970)

The 2\-genus of a spin manifold M equipped with a circle action
vanishes.

@ They applied the Atiyah-Bott-Singer fixed theorem to show

ker(DT) = ker(D™) € R(SY) = Z[t, t1].
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Theorem (Atiyah-Hirzebruch 1970)

The 2\-genus of a spin manifold M equipped with a circle action
vanishes.

@ They applied the Atiyah-Bott-Singer fixed theorem to show

ker(DT) = ker(D™) € R(SY) = Z[t, t1].

@ Their result is indeed inspired by Lusztig and Kosniowski's
similar consideration for the x,-genus on complex manifolds.
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Theorem (Hattori 1978)

Let M be an almost-complex S'-manifold, b;(M) = 0, and
c1(M) = kx with k € Z~q and x € H*>(M; Z) indivisible. Then

{e*PU(M)MM] =0, Vt=k (mod?2)and|t| <k,

where A(M) € H*(M; Z) is the A-class.
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Theorem (Hattori 1978)

Let M be an almost-complex S'-manifold, b;(M) = 0, and
c1(M) = kx with k € Z~q and x € H*>(M; Z) indivisible. Then

{e*PU(M)MM] =0, Vt=k (mod?2)and|t| <k,

where A(M) € H*(M; Z) is the A-class.

This result is motivated by

Conjecture (Petrie 1972)

If a cohomology P" (H*(M; Z) = Z[x]/(x"™)) admits a circle
action, then the total Pontrjagin class p(M) = (1 + x2)"*1.
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Theorem (Hattori 1978)

Let M be an almost-complex S'-manifold, b;(M) = 0, and
c1(M) = kx with k € Z~q and x € H*>(M; Z) indivisible. Then

{e*PU(M)MM] =0, Vt=k (mod?2)and|t| <k,

where A(M) € H*(M; Z) is the A-class.

This result is motivated by

Conjecture (Petrie 1972)

If a cohomology P" (H*(M; Z) = Z[x]/(x"™)) admits a circle
action, then the total Pontrjagin class p(M) = (1 + x2)"*1.

This conjecture is equivalent to

{etx/ZQ[(M)}[M] =0, Vt=n+1 (mod?2)and|t|]<n+1
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Theorem (Michelsohn 1980)

Let M be a complex manifold such that c;(M) = kx with k € Zg
and x € H?(M; Z) indivisible. If M admits a Ricci-positive Kahler
metric, then

{e?PU(M)Y[M] =0, Vt=k (mod?2)and|t|< k.
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Theorem (Michelsohn 1980)

Let M be a complex manifold such that c;(M) = kx with k € Zg
and x € H?(M; Z) indivisible. If M admits a Ricci-positive Kahler
metric, then

{e?PU(M)Y[M] =0, Vt=k (mod?2)and|t|< k.

Theorem (Kobayashi-Ochiai 1973)

Let M be a Fano manifold such that c;(M) = kx with k € Z~¢
and x € H2(M; Z) indivisible. Then k< n+ 1, with equality if and
only if M = P".

v
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Theorem (Michelsohn 1980)

Let M be a complex manifold such that c;(M) = kx with k € Zg
and x € H?(M; Z) indivisible. If M admits a Ricci-positive Kahler
metric, then

{e?PU(M)Y[M] =0, Vt=k (mod?2)and|t|< k.

Theorem (Kobayashi-Ochiai 1973)

Let M be a Fano manifold such that c;(M) = kx with k € Z~¢
and x € H2(M; Z) indivisible. Then k< n+ 1, with equality if and
only if M = P".

Remark

| \

The equality characterization has been (implicitly) done by
Hirzebruch-Kodaira (1957).

N,
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@ What is the circle action analogue to the Kobayashi-Ochiai's
theorem.
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@ What is the circle action analogue to the Kobayashi-Ochiai's

theorem.
Example (linear action on P")
RIE— {[21:22:---:2,,+1] | Z;G(C}
and choose n + 1 pairwise distinct integers a1, as, ..., an+1-
z-|zi:izo: -t Zpya]
=[z7"z1 2z Pz 2z 4], z € stcc,

has n+ 1 isolated fixed points

Pi=[0:---:0,1,0:---:0], 1<i<n+1.
i—1
TpP" =) t%7% e Z[t, t '] = R(SH).
J#i
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Definition (Hattori)

o M: almost-complex S'-manifold with MS' = {Py,..., Pp}.

@ L: a line bundle over M to which this S!-action can be lifted,
and Lp, = t% w.r.t. some lifting.

o L is called quasi-ample if ¢f/[M] # 0 and a; are pairwise
distinct. )
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Definition (Hattori)

o M: almost-complex S'-manifold with MS' = {Py,..., Pp}.

@ L: a line bundle over M to which this S!-action can be lifted,
and Lp, = t% w.r.t. some lifting.

o L is called quasi-ample if ¢f/[M] # 0 and a; are pairwise
distinct.

Theorem (Hattori 1984)

. (i) (i)
Let a quasi-ample L be as above, Tp,M = t*i" + .- +t"", and
K4 ) = koaj+a, V1<i<m, k€L, 2€Z.

Then ko < n+1<m. Ifkh =n+ 1= m, then M is unitary
cobordant to P", ¢](L)[M] =1, and

kKDY ={ai—a | j#i}, VI<i<n+l,

i.e., the Sl-actions at P; are the linear ones on P".
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@ A pair (M, D) is called a compactification of an open
(connected) n-dim complex manifold U if M is an n-dim
compact (connected) complex manifold and D C M an

analytic subvariety such that M\D = U.

s
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Definition

@ A pair (M, D) is called a compactification of an open
(connected) n-dim complex manifold U if M is an n-dim
compact (connected) complex manifold and D C M an
analytic subvariety such that M\D = U.

@ (M, D) is called smooth resp. Kahler compactification if D is
(connected) smooth or M is Kahler.
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Definition

@ A pair (M, D) is called a compactification of an open
(connected) n-dim complex manifold U if M is an n-dim
compact (connected) complex manifold and D C M an
analytic subvariety such that M\D = U.

@ (M, D) is called smooth resp. Kahler compactification if D is
(connected) smooth or M is Kahler.

o (P",P"~1) with P"~! a hyperplane in P" is a “standard”
compactification of C".
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Definition

@ A pair (M, D) is called a compactification of an open
(connected) n-dim complex manifold U if M is an n-dim
compact (connected) complex manifold and D C M an
analytic subvariety such that M\D = U.

@ (M, D) is called smooth resp. Kahler compactification if D is
(connected) smooth or M is Kahler.

o (P",P"~1) with P"~! a hyperplane in P" is a “standard”
compactification of C".

1

@ The unique compactification of C is (P*, c0).
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Definition

@ A pair (M, D) is called a compactification of an open
(connected) n-dim complex manifold U if M is an n-dim
compact (connected) complex manifold and D C M an
analytic subvariety such that M\D = U.

@ (M, D) is called smooth resp. Kahler compactification if D is
(connected) smooth or M is Kahler.

o (P",P"~1) with P"~! a hyperplane in P" is a “standard”
compactification of C".

e The unique compactification of C is (P!, c0).

Question (Problem 27 in Hirzebruch's 1954 Problem List)

Determine all compactifications (M, D) of C" with by(M) = 1.

(b2(M) =1 <= D is irreducible <= D is smooth.)
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o (Remmert-van de Ven 1960) When n = 2, (P2, P1) is the only
example with by = 1.

@ (van de Ven 1962, Ramanujam 1971, Kodaira 1972, Morrow
1973) There is a complete classification for all the
compactifications of C? by relating D to a graph.

o (Brenton-Morrow 1978) When n = 3, (P3,P?) is the only
smooth example.

@ When D is allowed to be singular, there is a complete but
complicated classification for Kihler compactification of C3,
due to Furushima, Nakayama, Peternell and Schneider.

e (van de Ven 1962, Fujita 1980) When n < 6, (P",P""1) are
the only smooth Kahler example.
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o (Remmert-van de Ven 1960) When n = 2, (P2, P1) is the only
example with by = 1.

@ (van de Ven 1962, Ramanujam 1971, Kodaira 1972, Morrow
1973) There is a complete classification for all the
compactifications of C? by relating D to a graph.

o (Brenton-Morrow 1978) When n = 3, (P3,P?) is the only
smooth example.

@ When D is allowed to be singular, there is a complete but
complicated classification for Kihler compactification of C3,
due to Furushima, Nakayama, Peternell and Schneider.

e (van de Ven 1962, Fujita 1980) When n < 6, (P",P""1) are
the only smooth Kahler example.

@ See “Compactifications of C": A Survey” by Peternell and
Schneider in 1991.

3 Compactification of homology cells and the complex projective sy



o (Remmert-van de Ven 1960) When n = 2, (P2, P1) is the only
example with by = 1.

@ (van de Ven 1962, Ramanujam 1971, Kodaira 1972, Morrow
1973) There is a complete classification for all the
compactifications of C? by relating D to a graph.

o (Brenton-Morrow 1978) When n = 3, (P3,P?) is the only
smooth example.

@ When D is allowed to be singular, there is a complete but
complicated classification for Kihler compactification of C3,
due to Furushima, Nakayama, Peternell and Schneider.

e (van de Ven 1962, Fujita 1980) When n < 6, (P",P""1) are
the only smooth Kahler example.

@ See “Compactifications of C": A Survey” by Peternell and
Schneider in 1991.

Theorem (Chi Li-Zhengyi Zhou 2024)

The only smooth Kahler compactification of C" is (P",P"~1).
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Question (Problem 28 in Hirzebruch’s 1954 Problem List)

Determine all complex or Kahler structures on (the underlying
differentiable structure of) P".
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Question (Problem 28 in Hirzebruch’s 1954 Problem List)

Determine all complex or Kahler structures on (the underlying
differentiable structure of) P".

@ Well-known for n = 1.
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Question (Problem 28 in Hirzebruch’s 1954 Problem List)

Determine all complex or Kahler structures on (the underlying
differentiable structure of) P".

@ Well-known for n = 1.

o (Kodaira 1950s,.. ., Yau 1977, Siu 1983)
A Q-homology compact complex surface is either P? or a
quotient of the unit ball B? (fake projective planes).
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Question (Problem 28 in Hirzebruch’s 1954 Problem List)

Determine all complex or Kahler structures on (the underlying
differentiable structure of) P".

@ Well-known for n = 1.

o (Kodaira 1950s,.. ., Yau 1977, Siu 1983)
A Q-homology compact complex surface is either P? or a
quotient of the unit ball B? (fake projective planes).

e Consequently, any Z-homology compact complex surface is P2

as fake projective planes have been classified by Prasad-Yeung
(2007) and their Hi(; Z) are nonzero torsions.
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Question (Problem 28 in Hirzebruch’s 1954 Problem List)

Determine all complex or Kahler structures on (the underlying
differentiable structure of) P".

@ Well-known for n = 1.

o (Kodaira 1950s,.. ., Yau 1977, Siu 1983)
A Q-homology compact complex surface is either P? or a
quotient of the unit ball B? (fake projective planes).

e Consequently, any Z-homology compact complex surface is P2
as fake projective planes have been classified by Prasad-Yeung
(2007) and their Hi(; Z) are nonzero torsions.

@ When n > 3, no essential result on complex structure.
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Question (Problem 28 in Hirzebruch’s 1954 Problem List)

Determine all complex or Kahler structures on (the underlying
differentiable structure of) P".

@ Well-known for n = 1.

o (Kodaira 1950s,.. ., Yau 1977, Siu 1983)
A Q-homology compact complex surface is either P? or a
quotient of the unit ball B? (fake projective planes).

e Consequently, any Z-homology compact complex surface is P2
as fake projective planes have been classified by Prasad-Yeung
(2007) and their Hi(; Z) are nonzero torsions.

@ When n > 3, no essential result on complex structure.

@ (Hirzebruch 1954)
the uniqueness of complex structure on P2 would imply the
nonexistence of complex structure on S°.
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Theorem (Hirzebruch-Kodaira 1957, Yau 1977)

A Kahler manifold homeomorphic to P" is (the standard) P".
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Theorem (Hirzebruch-Kodaira 1957, Yau 1977)
A Kahler manifold homeomorphic to P" is (the standard) P".

o (Hirzebruch-Kodaira 1957)
If M is compact Kahler such that H*(M; Z) = Z[x]/(x"*1)
(x > 0) and the total Pontrjagin class p(M) = (1 + x?)™+1,
then ¢;(M) = (n+ 1)x (n odd) or c1(M) = £(n+1)x (n
even). If c;(M) = (n+1)x, M =P".
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Theorem (Hirzebruch-Kodaira 1957, Yau 1977)
A Kahler manifold homeomorphic to P" is (the standard) P".

o (Hirzebruch-Kodaira 1957)
If M is compact Kahler such that H*(M; Z) = Z[x]/(x"*1)
(x > 0) and the total Pontrjagin class p(M) = (1 + x?)™+1,
then ¢;(M) = (n+ 1)x (n odd) or c1(M) = £(n+1)x (n
even). If c;(M) = (n+1)x, M =P".

o p(M) = (1 + x?)"*1 is guaranteed by the “homeomorphism”
due to Novikov 1965.
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Theorem (Hirzebruch-Kodaira 1957, Yau 1977)
A Kahler manifold homeomorphic to P" is (the standard) P".

o (Hirzebruch-Kodaira 1957)
If M is compact Kahler such that H*(M; Z) = Z[x]/(x"*1)
(x > 0) and the total Pontrjagin class p(M) = (1 + x?)™+1,
then ¢;(M) = (n+ 1)x (n odd) or c1(M) = £(n+1)x (n
even). If c;(M) = (n+1)x, M =P".

o p(M) = (1 + x?)"*1 is guaranteed by the “homeomorphism”
due to Novikov 1965.

@ Yau applied the Miyaoka-Yau inequality (Chen-Ogiue
1975+Aubin-Yau 1977) to remove “c;(M) = —(n+ 1)x".
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Theorem (Hirzebruch-Kodaira 1957, Yau 1977)
A Kahler manifold homeomorphic to P" is (the standard) P".

o (Hirzebruch-Kodaira 1957)
If M is compact Kahler such that H*(M; Z) = Z[x]/(x"*1)
(x > 0) and the total Pontrjagin class p(M) = (1 + x?)™+1,
then ¢;(M) = (n+ 1)x (n odd) or c1(M) = £(n+1)x (n
even). If c;(M) = (n+1)x, M =P".

o p(M) = (1 + x?)"*1 is guaranteed by the “homeomorphism”
due to Novikov 1965.

@ Yau applied the Miyaoka-Yau inequality (Chen-Ogiue
1975+Aubin-Yau 1977) to remove “c;(M) = —(n+ 1)x".

Theorem (Kobayashi-Ochiai 1973)

Let M be a Fano manifold such that c;(M) = kx with k € Z~q
and x € H*(M; Z) indivisible. Then k< n+ 1, with equality if and
only if M = P".
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Theorem (Fujita 1980, Lanteri-Struppa 1983, Wilson 1986,

Libgober-Wood 1990, Debarre 2015)
M is compact Kahler with H*(M; Z) = Z[x]/(x™*1).
Q /fn=3,5, then M =P";
Q Ifn=4,6, then M = P" or a quotient of the unit ball B".
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Theorem (Fujita 1980, Lanteri-Struppa 1983, Wilson 1986,

Libgober-Wood 1990, Debarre 2015)
M is compact Kahler with H*(M; Z) = Z[x]/(x™*1).
Q /fn=3,5, then M =P";
Q Ifn=4,6, then M = P" or a quotient of the unit ball B".

o Key point “bj(M) = b;(P")=> cic,_1[M] = Ln(n + 1)>"
(Libgober-Wood 1990)

@ No known examples of quotients of even dimensional unit
balls B2* with the same integral cohomology ring as P2,
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Theorem (Fujita 1980, Lanteri-Struppa 1983, Wilson 1986,

Libgober-Wood 1990, Debarre 2015)
M is compact Kahler with H*(M; Z) = Z[x]/(x™*1).
Q@ /fn=3,5, then M =P";
Q Ifn=4,6, then M = P" or a quotient of the unit ball B".

o Key point “bj(M) = b;(P")=> cic,_1[M] = Ln(n + 1)>"
(Libgober-Wood 1990)

@ No known examples of quotients of even dimensional unit
balls B2* with the same integral cohomology ring as P2,

o Let Q" be the quadratic hypersurface in P"*1. Then

H.(Q* Y, Z) = H, (P**, Z).

3 Compactification of homology cells and the complex projective sy



Takao Fujita proposed in 1980 three conjectures C,, B,, A, of
decreasing strength relating the two problems of Hirzebruch.

5
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Takao Fujita proposed in 1980 three conjectures C,, B,, A, of
decreasing strength relating the two problems of Hirzebruch.

Conjecture (Fujita 1980, C,)

Let M be Fano with H*(M;Z) = H*(P";Z). Then M = P".
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Takao Fujita proposed in 1980 three conjectures C,, B,, A, of
decreasing strength relating the two problems of Hirzebruch.

Conjecture (Fujita 1980, C,)

Let M be Fano with H*(M;Z) = H*(P"; Z). Then M = P".

Conjecture (Fujita 1980, B,)
Let M be Kahler and D a smooth hypersurface on it. If

He(D;Z) = H(M;Z), 0< k <2(n—1),

which is call M \ D being a homology cell. Then
(M, D) = (P",P"1).
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Takao Fujita proposed in 1980 three conjectures C,, B,, A, of
decreasing strength relating the two problems of Hirzebruch.

Conjecture (Fujita 1980, C,)

Let M be Fano with H*(M;Z) = H*(P"; Z). Then M = P".

Conjecture (Fujita 1980, B,)
Let M be Kahler and D a smooth hypersurface on it. If

He(D;Z) = H(M;Z), 0< k <2(n—1),

which is call M \ D being a homology cell. Then
(M, D) = (P",P"1).

Conjecture (Fujita 1980, A,)

Let U be contractible and (M, D) a Kahler smooth
compactification. Then (M, D) = (P",P"~1), and hence U = C".

v
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Takao Fujita proposed in 1980 three conjectures C,, B,, A, of
decreasing strength relating the two problems of Hirzebruch.

Conjecture (Fujita 1980, C,)

Let M be Fano with H*(M;Z) = H*(P"; Z). Then M = P".

Conjecture (Fujita 1980, B,)
Let M be Kahler and D a smooth hypersurface on it. If

He(D;Z) = H(M;Z), 0< k <2(n—1),

which is call M \ D being a homology cell. Then
(M, D) = (P",P"1).

Conjecture (Fujita 1980, A,)

Let U be contractible and (M, D) a Kahler smooth
compactification. Then (M, D) = (P",P"~1), and hence U = C".

v

o (Fujita) “C, = B, = A," and C, true when n < 5.
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Theorem (Peternell-L. 2025)

Let (M, D) be a Kahler smooth compactification of a homology
cell M\ D.

Q /fn#3 (mod 4), (M, D) = (P",P"1).

@ I/fn=3 (mod 4), either (M, D) = (P",P"~1), or M" and
D"~ are Fano manifolds with Fano indices 3(n + 1) and

2(n— 1) respectively.
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Theorem (Peternell-L. 2025)
Let (M, D) be a Kahler smooth compactification of a homology
cell M\ D.

Q /fn#3 (mod 4), (M, D) = (P",P"1).

@ I/fn=3 (mod 4), either (M, D) = (P",P"~1), or M" and

D"~ are Fano manifolds with Fano indices 3(n + 1) and

2(n— 1) respectively.

@ M\ D: contractible=> homologically trivial (H;(-) = 0)=>
being homology cell.
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Theorem (Peternell-L. 2025)
Let (M, D) be a Kahler smooth compactification of a homology
cell M\ D.

Q /fn#3 (mod 4), (M, D) = (P",P"1).

@ I/fn=3 (mod 4), either (M, D) = (P",P"~1), or M" and

D"~ are Fano manifolds with Fano indices 3(n + 1) and

2(n— 1) respectively.

@ M\ D: contractible=> homologically trivial (H;(-) = 0)=>
being homology cell.

Corollary (Peternell-L. 2025)

Fujita’s conjectures By, and hence A, are true provided that n # 3
(mod 4).
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Key points in the proof.
@ M and D are cohomolgy P" and P 1.
(2]

1 1
“cicp—1[M] = En(n +1)%" + “crc,2[D] = §(n —1)n*

yields that

(ci(M),c1(D)) = (n+1,n) or (%(n +1), %(n —1)).
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Key points in the proof.
@ M and D are cohomolgy P" and P 1.
(2]

1 1
“cicp—1[M] = En(n +1)%" + “crc,2[D] = §(n —1)n*

yields that

(ci(M),c1(D)) = (n+1,n) or (%(n +1), %(n —1)).

© M is homotopy P". Then Wu's formula implies that

%(n—kl) =n+1 (mod?2) (<= n=3 (mod4)).
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Key points in the proof.
@ M and D are cohomolgy P" and P 1.
(2]

“arcn1[M] = E (n~|—1)2” + “crch_2[D] = 1(n—1) 2n

yields that

(ci(M),c1(D)) = (n+1,n) or (%(n +1), %(n —1)).

© M is homotopy P". Then Wu's formula implies that

~(n+1)=n+1 (mod?2) (<= n=3 (mod4)).

Can we remove the case of (cy(M), ci(D)) = (5(n+ 1), %(n —1))
when “n =3 (mod 4)"7?
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@ What is the circle action analogue to this result?
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@ What is the circle action analogue to this result?

Example (linear action on (P",P"~1))

Prl.= {[21 1zp e Zpga] | Zng1 = 0} cPp”
z lziizo: ot zpya]
=[z7%"z 2z Pz iz 2], zE stcc,

has n+ 1 fixed points

Pi=[0:---:0,1,0:---:0], 1<i<n+1,
—
i—1
and is S'-invariant on P"~! with fixed points Py,. .., P,.

TpP" =3 cicni1jei ¥ €R(SY), 1<i<n+1,

TpP"™ =3 izt €R(SY), 1<i<n

3 Compactification of homology cells and the complex projective sy



Theorem (L. 2025)

Let M be a symplectic manifold admitting a Hamiltonian circle
action with isolated fixed points. If M contains an S'-invariant
symplectic hypersurface D such that M\ D is a homology cell.
Then

@ M and D are both homotopy complex projective spaces.

e When n# 3 (mod 4), M and D have standard Chern classes
and the S-representations on their fixed points are the same
as those arising from the linear action on (P",P"~1) for some
pairwise distinct integers aj, ..., an;1.

e When n =3 (mod 4), the conclusions above are still true
provided that

(cl(M), ci(D)) # (5(” +1), 5(” - 1)).
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