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Background

Let
Zm(Zy)

be the equivariant bordism group of m-dimensional closed manifolds with effective
Zy-actions fixing isolated points. Denote by Z.(Z5) = >",, Zm(Z%) a graded algebra.
e initiated by Conner and Floyd in the 1960s [1].
® in[1], Z.(Z2) = 0, Z.(Z3) = Zs[u] where u = [RP?].
® Stong(1970) [2]: the homomorphism

D« :Z*(ZS) %R*(ZS) = Zg[Hom(Zg,Zg)]
[M] = erMZg‘ TzM
is injective.
® Since then, the ring structure of Z,(Z%), even the group Z,,(Z%), has remained
undetermined for n > 3.



Focus on the Group Z,,(Z%)

bm : Zm(Z3) = Rm(Z3)

Three basic problems on Z,,(Z%)

(P1) Characterize the image of ¢y, i.e., determine which polynomials in R,,(Z%) arise as
tangent representations at fixed points of a Z5-manifolds.

(P2) Determine the dimension of Z,,(Z%) as a vector space over Zy for every m and n.
Note that Z,,,(Z%) is trivial for 0 < m < n by the effectiveness of Z3-actions.

(P3) Which specific types of Z5-manifolds can be used as preferred representatives in
equivariant bordism classes of Z,,(Z5)?
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e Li(2009): (3,3):
® (P2): dim Z5(Z3) = 13,
® (P3): each class in Z3(Z3) contains a small cover.

e Li-Tan(2014): (n,n):
® (P1): a faithful polynomial f € Im ¢, iff d(f*) = 0, where f* is the dual of f.
® (P2): dim Z4(Z3) = 511,
® (P3): each class in Z,(Z%) contains a small cover.
® Chen-Li-Tan(2025): (n,n):
® (P1): observe that f € Im ¢, iff f* € Z,_1(X(Z%)), so Z,(Z3) = H,_1(X(Z3)).
® (P2): dim Z,(Z%) = A,
® (P3): a set of generators consisting of general Bott manifolds.
® Li-Li-Shen(2025): (n,m):
® (P1): LLS detection method in terms of graphs labeled by irreducible representations.
® (P2): (3,4): dim Z4(Z3) = 32
® (P3): (3,4): generators: certain actions on RP? x RP?, RP* and RP(y &y ® v O R)
® Guan-Lii(2025): (3,5): (P2): dim Z5(Z3) = 77,

® (P3): basis: projectivization of real vector bundles.
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Progress overview: a visual summary
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G Main Result
For Z,+1(Z%), we prove that
® Z,11(Z3) = Hy,—2(*B), where B is a
chain complex constructed from
X(Z%); and
e a formula for dim 2,11 (Z5).
n dim Z,,41(Z%)
Li s L 1,2 0
A uan-Li
i-L’i-Shen n=2 i 5 1?3
_+" Conner-Floyd = J
4 n=1 5 719, 164
+ + + + + + + + + — m 6 476,303,715
12 3 45 6 7 8 910 7 | 1,025,099, 895,814




Dimensions of equivariant bordism groups
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Ideas & Proof
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Idea for Z,.,(Z%)

Inspired by
Effectiveness of dualization in the work of Z,,(Z5),

we translate
the LLS detection method

into a simpler dual formulation
Z 4T E Im ¢ni1 <= On—2 ZTeAD(T) =0

More specifically, we prove that the sequence
n ¢Tz}j1 T R On—2
0— Zn—H (Z2) = Im ¢n+1 — Jrn—i—l =Bp2 — Bp-3
is exact. Hence,
Pn+1 D
2 Im ¢n+1 = ker@n,g = Hn,Q(%;Zg).

Zn+1 (Zg)
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sub-rep of 7, and the product corresponds to direct sum of rep.’s.
T is called faithful, if all p;'s are nontrivial and they span Hom(Z%,Zs).
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Faithful Z3-rep.s

Definition (faithful representation)

Let 7 = p1--- pm be an m-dim Z3-rep., where p; € Hom(Z4,Zs2) is the irreducible
sub-rep of 7, and the product corresponds to direct sum of rep.’s.
7T is called faithful, if all p;'s are nontrivial and they span Hom(Z%, Zs).

Faithful tangent representations

Let M be an m-dimensional smooth closed manifold admitting an effective Z3-action
with isolated fixed points, representing an equivariant bordism class in Z,,(Z5). By the
effectiveness of action, the tangent representation 7, M at each fixed point z is faithful.

Denote by
Fm CRm(Z5),m >n

be the set of all m-dim faithful Zj-rep’s. Let Fyn be the subspace spanned by F;,. Of
course, Im ¢, C Fppy.
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Dualization in the papers on Z,(Z%)

® letT=py1---pp €F,. Then {p1,---,pn} forms a basis of Hom(Z%,7Z5).
® Let o, = {ay, - ,an} CZ% be its dual.
® Define dualization D : F,, — C,,—1(X(Z%)) via D(7) = 0.

Theorem (Lu-Tan(2014))
Let A C F,, be nonempty. Then

ZfeAT € Im ¢p <= On—1 ZTEA D(r) = 0.

Corollary (Chen-Lii-Tan(2025))

bn _ 1
0— Zo(Z5) Z Im g = Fu 2 Coor (X(Z2)) 255 o (X(Z)

is exact, where X (1) is the universa/ complex whose simplexes are independent subsets
of 7. Therefore, Z, (ZS) = Hp—1(X(Z3), Z2) with dimension

An:(_ ) +Z ( )n 1 Z(H_llH (2n_2])



Equivalence relation ~,

® | et p be an irreducible non-trivial sub-rep of 7. rank ker p =mn — 1. Denote by

7_‘kerp

. _ 7% . . ,
the quotient of the restriction ReskjrpT by a trivial 1-dimesnional sub-rep.

. dim7'|kerp —rank kerp=(m —1)— (n—1) =m —n, same as 7.
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Definition

® | et p be an irreducible non-trivial sub-rep of 7. rank ker p =mn — 1. Denote by

7_‘kerp
the quotient of the restriction Resk(frpT by a trivial 1-dimesnional sub-rep.
. dim7'|kerp —rank kerp=(m —1)— (n—1) =m —n, same as 7.
Define a relation on A,= {7 € A | 7 has a sub-rep isomorphic to p}. Let 7,7" € A,. Set
an ~ /!
T ~p T Tlkerp = 7 [ker p-

/

Equivalently, 7 = ppa--- pm ~, 7' = pply - - pi, if IT € Sp1 such that pf = pr(;) or
pi = Pr(i) + p in Hom(Z3, Zs).



Dualization of a faithful representation 7 € F,

® Unlike the case m = n, the factors of 7 = pgp; - - - p, no longer form a unique basis
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inadequate for a well-defined duality framework.

® |nstead, the proper definition must incorporate the collective data from all possible
bases formed by the factors of 7.
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® Unlike the case m = n, the factors of 7 = pgp; - - - p, no longer form a unique basis
for Hom(Z%,7Z3).

® A construction of D(7) based on any single basis would be both non-canonical and
inadequate for a well-defined duality framework.

® |nstead, the proper definition must incorporate the collective data from all possible
bases formed by the factors of 7.

® let 7= pop1-- pPn € Fnt1, where b = {p1,---, p,} forms a basis of Hom(Z%, Z)
and pg = p1 + -+ - + pps1, for some p.

° b dual O_puo_nfp72 — {CUL"' 7ap+1}U{Oép+2’.. 7aTL}

* Bases arising from 7: b\ {p;} U {po} &2 0P U™ P2, where

of = (0P \{ai} + i) U{ou} = {oni, -+ s i1 0, Qg+ s oyt i € [p+ 1]



Dualization of a Zj-rep with dim n +1

Definition (Dual of )
With the notation above, define

p+1
[0P] ® 6" P72 = (o + Z of) ® o™ P2,
i=1
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Dualization of a Zj-rep with dim n +1

Definition (Dual of )

With the notation above, define
p+1

D(T) = [0P] @ 0" P72 = (oP + Z of) ® o™ P2,
i=1

The value D(7) is independent of the choice of the basis. Hence it's well defined.

T ~p 7= 7—|kerp = 7J|kerp — D(T’kerp) = D(T/|kerp)

D(1) € D, ® Cpp—p—2, Where
® Cp_p—2 is the (n — p — 2)-th group of augmented simplicial chain complex of X(Z%),

® D, C C, is generated by [oP]'s.
D(7|kerp) = [0P \ {a}] ® (6"7P72\ {a}), where 0P U 0™ P2 is the dual of a basis

containing p and arising from 7, « is the vector in the dual corresponding to p.
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Summary for dualization of a representation

Let 7 be a Z5-representation with dimension n + 1. Suppose all the irreducible sub-rep.'s
of 7 Span Hom(Z%,Zs).

{@ ®w, T admits a trivial sub-rep,

[0] ® w, otherwise

where ¢ € Lk w and ¢ U w is the dual of a basis arising from 7.

A key observation

the terms in [o] have form (o \ {a} + a) U {a}, where a € 0 € X (Z%).
Span((c \ {a} + @) U {a}) = Span o C Zj.

Hence Lk((c \ {a} + @) U {a}) = Lk o = Lk[o].

w € Lk[o].

Lk[o] =~ (\V S*)4»n, where k = n — |o| — 1.



LLS detection method

Theorem (LLS detection method)

Let A C F,1+1 be nonempty. Then the following statements are equivalent.

(1) ZTE.AT € Im ¢n+1-

(2) For any nontrivial p € Hom(Z},Z) such that A, # 0, A, C A satisfies that for
each equivalence class A, ; in the quotient set A,/ ~,,
® |A,;| =0 (mod 2), and
® if X,(Ap,i) =2, then for arbitary nontrivial element 3 € Hom(Z3,Zs),

Z xg(T) =0 (mod 2).

TEA s



Dualization of LLS

Theorem
Let A C F,+1 be nonempty. Then

ZTE Im ¢py1 <= Z@D(T) =0,

TEA TEA
where
D(T|kerp)s T is square-free as a monomial,
aD(T _ Zpe(‘r) ( |ke p) . Z
alD(T}kerpl) +Z¢:2D(T|kerpi)a T =P1P2" " Pn-

where «v is the vector in the dual basis of {pi1,--- , pn} corresponding to p;.



Key of the proof of dualizaiton theorem

1 e e3 - €] 0 [1 00
01 0 -~ 0 o 1

00 1 0 —les 001
00 0 - 1 e, 0 0

T=pip2 P~ T = piph
where p} = p; + €;p1,i =2, ,n.
The dual of bases are
{on,a, -+ o}
and
{ol, g, o}

where o) = a1 + eaan + -+ + €p0p.

e}
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Differentials in ®

* D, = Spang, {[0”] | o? € X(Z3),|0"| =p+1},p=0,1,--- ,n—1;
* D1 £ Z5(D);
® D, £ 0, otherwise.
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Differentials in

D, £ Spany, {[o¥] | o? € X(Z}),|o?| =p+1},p=0,1,-- ,n—1;
D1 £ 7Z5(0);

D, £ 0, otherwise.

Forpe[n—1],setd’: D, - D,_1 by

p+1

dy ([o"]) = [0} \ {ea}] + 2[0’” \{aa}].

For p = 0, define dY : Dy — D_1 via d}’([{a}]) = a for each a € X,.

dz?,l o dlj? = 0. Hence (D,dP) is a chain complex.
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Construction of 8

® ® €, the tensor product of two chain complex is also a chain complex.
Set B, = Span{[o”] ® 07 | 0% € Lko?} C D, ® &,.
B is defined to be the total complex of the double complex { B, . }.

The top chain group B,_2 is isomorphic(via the dualization D) to the linear space
Fn+1 generated by faithful representations.

® the sequence

aan

¢7'z\j-1 _ 2
= Im ¢n+1 — .Fn+1 =98, o — B, 3

0 — Z,11(Z3)

is exact.



The double complex (B,..,d” ®1,1®dY)
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Page E*:
n—1 0 0 0 e 0 0
n—2 Zg ® Ch—_o Bo’nfg 0 oo 0 0
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The double complex (B,..,d” ®1,1®dY)

Page E*:
n—1 0 0 0 e 0 0
n—2 Zg ® Ch—_o Bo’nfg 0 oo 0 0
n—3|25®Cph-3 DBon-3 Bip-3 - 0 0
0 Zy @ Cy Bo70 BI,O cee Bn_g,o 0
-1 17y Q%o Doy®Zy D1 ®@Zy -+ Dpo®@Zy Dy 1 ®Zs
(p,q) -1 0 1 n—2 n—1

* 1®dS : Bpg — Bpg-1.
® Byg=Span{[oP] @ w? | w? € LkoP} = @ys) Cy(Lk 0P).
o Lk 0P =~ (\/ S"P=2)Apn,



First page of the spectral sequence

E' Page:
n—2 EELTL—Q E(%,n—Q 0 - O 0
n—3 0 0 El,s - 0 0
0 0 0 0 Erlzf2,0 0
(pg) | -1 0 e

® B 1n2=278QkerdS o =75 ®Im dS_;;
° Ep,n—2—p = EB[UP] Hn—2_p(Lk oP; Z2),p =0,1,---,n—2.

® There is only one nontrivial differential dy = dY ® 1 : Eé,n—2 - Ell,n—Q-



Second page of the spectral sequence

E? Page:
n—1 0 0 0 0 0
n — 2 | coker di  kerd; 0 0 0
n—3 0 0  Ei, s 0 0
0 0 0 0 ErlL—2,0 0
—1 0 0 0 Dyp1®Zo
(p,q) -1 0 1 n—2 n—1




Second page of the spectral sequence

E? Page:
n—1 0 0 0 0 0
n — 2 | coker di  kerd; 0 e 0 0
n—3 0 0 B,z - 0 0
0 0 0 0 E%_zo 0
-1 0 0 0 0 D, 1 ®7Zs
(p,q) -1 0 1 e on—2 n—1

proposition

The only one nontrivial differential ds : E]:!'yn_g — coker d; is surjective.




Dimension computation: Spectral sequence

E? Page:

n—1|0 0 0 0 0 0
n—2| 0 kerd; 0 0 0 0
n—3| 0 0 kerdy 0 0 0
n—41] 0 0 0  Ej, 4 0 0

0 0 0 0 0 E! 55 0

-1 10 0 0 0 0 Dp 1®Z
(pg)| -1 0 1 2 n—2 n—1




Dimension formula

) n— ZApn fp
dim Z,41(Z3) = Ao - fo+ >, 2222 — i AF e AL
1 n+1
A A %2"_2) PIT —VI
where Ay =0, Aoy =0, fp = 258557 forp >0, Ay = (-1)" + g:o(—l) Ji for
n > 1, and
— 2p+j+1)

Apn = (—1)n_p_1+ Z (—=1)n=P7 ]70( ,n>1,0<p<n-—2.

(i +1)!



Further discussion



Further discussion

The trick on Z,,(Z%)

® For Z,12(Z%): We have recently dualized the LLS for this case. The description is
significantly much more complex than that for Z,,11(Z3).

® |t appears difficult to extend this trick to the general case.

® The primary reason is the rapidly growing complexity of the linear relationships as
M — 7 increases.

(P3)

Seek specific manifolds for equivariant bordism classes in Z,1(Z%).



Thanks for your attention!

bobchen@hust.edu.cn
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